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Monololy pricing
In this section we study the pricing behavior of a
profit-maximizing monopolist, a firm tat is the only
producer of a good.

The decision variable is price p

Maxp p .x (p ) − c (x (p ))

Which gives p ∗ and x (p ∗)
The decision variable is production level q

Maxq>0 p (q ).q − c (q ) (1)

Which results in q ∗ and p (q ∗), the solution for the
optimization problems are not necessarily the same
We shall focus our analysis on the latter and impose the
following restriction on the model
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Monololy pricing: The assumptions
p (.) and c (.) are continuous and twice differentiable at all
q > 0

p (0) > c ′(0) and there is unique output level q 0 ∈ (0,∞)
such that

p (q 0) = c ′(q 0)

The q 0 is social optimum level of firm’s product, namely,
when the monopolistic firm behavior as if it is optimizing
its profit in a perfectly competitive market
A solution for the (3) comes from the following F.O.C

p ′(qm ).qm + p (qm ) 6 c ′(qm ) with equality if q > 0 (2)

Since p ′(q ) < 0 at all q > 0 the (4) with equality implies
p (qm ) > c ′(qm ), so the price under monopoly exceeds
marginal cost.
One consequence of the pricing policy is, (qm 6 q 0)
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Performance comparison, monopoly and perfect competition

Welfare loss and quantity distortion
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Performance comparison, monopoly and perfect competition

Example (Monopoly Pricing with a Linear Inverse Demand)

p (q ) = a − bq and c (q ) = c .q , where a > c > 0

Social optimal output and price level

q 0 = (a − c )/b

and p 0 = c , which come from a − bq = c

Monopolist’s optimal output and price level are resulted
from F.O.C (4), a − 2bq = c , and the corresponding price
equilibrium level of q , respectively are pm = (a + c )/2
and the is qm = (a − c )/2b .
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Oligopoly models: Bertrand model

Assume that there are more that one firms in the market,
but still not many, the situation is known Oligopoly

In a oligopolistic market, firms interact strategically to
earn more profits.

This feature of the market structure allows us to use the
game theory as a solution and analytical technique

Bertrand model is a Price competition static game in which
the monopoly is the firms simultaneously choose price
levels to maximize their profits.
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The Bertrand model of price competition

Bertrand (1883), there are two profit maximizing firms in
a market with aggregate demand function x (p )

We assume a constant return to scale technology of
production for all active firms in the market

In an oligopolistic market, firms interact strategically to
earn more profits.

Two firms are competing by setting prices simultaneously
and consumers want to buy everything from a firm with a
lower price

Bertrand model is a Price competition static game in which
the monopoly is the firms simultaneously choose price
levels p1 and p2 to maximize their profits.
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The Bertrand model of price competition
Sales for firm j are given by

xj (pj ,pk ) =


x (pj ) if pj < pk
1
2x (pj ) if pj = pk
0 if pj > pk

Given prices pj and pk , firm j ’s profits are equal to
(pj − c )xj (pj ,pk ).
The Nash equilibrium outcome of this model is presented
and proved in the following Proposition.

Theorem (Bertrand duopoly model, Homogeneous
products)
There is a unique Nash equilibrium (p ∗1 ,p ∗2 ) in the Bertrand
duopoly model. In this equilibrium, both firms set their prices
equal to cost:

p ∗1 = p ∗2 = c

.
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The Bertrand model of price competition

Proof.
By the C.R.S, in the Nash equilibrium of p ∗1 = p ∗2 = c the
profits are equal to ZERO, because
πj = (pj − c )xj (pj ,pk ).

Neither firm can gain by raising its price

By lowering its price below c a firm increases its sales but
incurs losses

Is that unique Nash equilibrium ? YES, Why?

Suppose pj = pk < c , is that a Nash equilibrium?

• Both of the firms are incurring loss, is a Nash Equilibrium.
• Then, one of the firms can increase their price and by losing
its market it will get Zero profit, which is greater than
negative profit, NOT a Nash Equilibrium
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The Bertrand model of price competition

Proof.
Suppose that pj = c and pk > c , in this case Firm j ’s
market share is 100% but with Zero profit

• Firm j can increase its profit by raising its price a little
p̂j = c + (pk − c )/2, still p̂j < pk .

• With this deviation, the firm j is selling to the entire market
and is getting strictly positive profit, NOT a Nash
Equilibrium
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The Bertrand model of price competition

Proof.
As the final case, suppose that pj > c and pk > c and
assume that pj 6 pk .

• In this case firm k can earn at most 12 (pj − c )x (pj ), then by
undercutting j ’s price pk = pj − ε he can occupy entire
market and get the (pj − ε− c )x (pj − ε)

• Since (pj − ε− c )x (pj − ε) > 1
2 (pj − c )x (pj ) for small

ε > 0. Therefore, firm k will have profitable price deviation
and the setting is not a Nash Equilibrium as well.

Theorem
In any Nash equilibrium of the Bertrand model with J > 2
firms, all sales take place at a price equal to cost.

Haddad (GSME) Microeconomics II 12 / 36



The Bertrand model of price competition

Proof.
As the final case, suppose that pj > c and pk > c and
assume that pj 6 pk .

• In this case firm k can earn at most 12 (pj − c )x (pj ), then by
undercutting j ’s price pk = pj − ε he can occupy entire
market and get the (pj − ε− c )x (pj − ε)

• Since (pj − ε− c )x (pj − ε) > 1
2 (pj − c )x (pj ) for small

ε > 0. Therefore, firm k will have profitable price deviation
and the setting is not a Nash Equilibrium as well.

Theorem
In any Nash equilibrium of the Bertrand model with J > 2
firms, all sales take place at a price equal to cost.

Haddad (GSME) Microeconomics II 12 / 36



The Bertrand model of price competition

Proof.
As the final case, suppose that pj > c and pk > c and
assume that pj 6 pk .

• In this case firm k can earn at most 12 (pj − c )x (pj ), then by
undercutting j ’s price pk = pj − ε he can occupy entire
market and get the (pj − ε− c )x (pj − ε)

• Since (pj − ε− c )x (pj − ε) > 1
2 (pj − c )x (pj ) for small

ε > 0. Therefore, firm k will have profitable price deviation
and the setting is not a Nash Equilibrium as well.

Theorem
In any Nash equilibrium of the Bertrand model with J > 2
firms, all sales take place at a price equal to cost.

Haddad (GSME) Microeconomics II 12 / 36



Quantitative Competition for Homogeneous products, The
Cournot Model

Theorem
In any Nash equilibrium of the Cournot duopoly model with
cost c > 0 per unit for the two firms and an inverse demand
function p (.) satisfying p ′(q ) < 0 for all q > 0 and p (0) > c ,
the market price is greater than c (the competitive price) and
smaller than the monopoly price.

Example

Consider a market with the following structure: The
market demand p (q1 + q2) = a − b (q1 + q2), firms’ cost
functions c (qj ) = cqj .

Cournot Nash Equilibrium: q ∗1 = q ∗2 = (a − c )/3b
Joint monopoly Equilibrium q Jm1 = q Jm2 = (a − c )/4b
Single monopoly Equilibrium, either
qm1 = (a − c )/2b , qm2 = 0, or qm1 = 0, qm2 = (a − c )/2b
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function p (.) satisfying p ′(q ) < 0 for all q > 0 and p (0) > c ,
the market price is greater than c (the competitive price) and
smaller than the monopoly price.

Example

Consider a market with the following structure: The
market demand p (q1 + q2) = a − b (q1 + q2), firms’ cost
functions c (qj ) = cqj .
Cournot Nash Equilibrium: q ∗1 = q ∗2 = (a − c )/3b
Joint monopoly Equilibrium q Jm1 = q Jm2 = (a − c )/4b
Single monopoly Equilibrium, either
qm1 = (a − c )/2b , qm2 = 0, or qm1 = 0, qm2 = (a − c )/2b
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Quantitative Competition, F.O.Cs

Competitive equilibrium: For firm 1:
p = a − b (q1 + q2) = c , For firm 2
p = a − b (q1 + q2) = c , equilibrium output and market
price respectively are: q 0 = (a − c )/b and p 0 = c

Single Monopoly equilibrium: For a firm 1 or 2:
Maxq π = (a − b (q ))(q ) − c (q ), q = q1 + q2, and
pm = (a + c )/2, qm = (a − c )/2b .

Joint monopoly equilibrium: For a firm 1 or 2:
Maxq1,q2 π = (a − b (q1 + q2))(q1 + q2) − c (q1 + q2)
and pm = (a + c )/2, qmj = (a − c )/4b .
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Quantitative Competition, F.O.Cs

Cournot equilibrium:

• For a firm 1: Maxq1 π1 = (a − b (q1 + q2))(q1) − c (q1)
subject to q2 = q̄2

• For a firm 2: Maxq2 π2 = (a − b (q1 + q2))(q2) − c (q2)
subject to q1 = q̄1

• Price comparison p c = (a + 2c )/3 < (a + c )/2 = pm .

For our example at hand,the last inequality is always true,
2(a + 2c ) < 3(a + c ) gives a > c , which is one of our
underlying assumptions.
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Quantitative Competition, Graphical representation

Out-put and profit comparison
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Price Competition, Product differentiation: Bertrand model

With an arbitrarily small price differential, every consumer
would prefer to buy from the lowest-price firm.

When product differentiation exists, each firm will
possess some market power as a result of the uniqueness
of its product.

Maxpj (pj − c )xj (pj , p̄−j )

Equilibrium price for firm j for xj (c , p̄−j ) is (pj > c ), which
gives strictly positive profit.
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Price Competition, Product differentiation: Bertrand model

Example (The linear city)

Siamak is able to charge higher prices for his widgets and
stuffs at school buffet (but he never does it!)

M consumers are distributing uniformly along a unit
interval.
Two firms are located at either end of the unit interval
[0,1]

A consumer’s location is indexed by z ∈ [0,1], the distance
from left end of the city, and that from right end of the city
is (1− z )

The commodities are produced with a C.R.S technology.
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Price Competition, Product differentiation: Bertrand model

Example (The linear city)
The total cost of buying from firm j for a consumer
located a distance d from firm j is pj + td

The t2 is dis-utility or cost of traveling from 0 to 1 and
d ∈ [0,1], thus dt is the cost of a round traveling from
consumer’s location z to that of firm j
(a): some consumers do not buy, (b): all consumers buy

In what follows, we assume that all consumers buy
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Price Competition, Product differentiation: Bertrand model

Example (The linear city)

The firms charge pi for a good produced with constant
marginal cost c

A particular consumer z ∈ [0,1] will buy from i = 1
located at 0, if pi + tz < pj + t (1− z ).
The indifferent consumer ẑ satisfies
pi + t ẑ = pj + t (1− ẑ ). Thus:

ẑ =
t + pj − pj
2t

Assuming ẑ ∈ [0,1], if i charges pi and pj then i ’s demand
is given by:

xi (pi ,pj ) =


0 if pi > pj + t
t+pj−pi
2t M if pi ∈ [pj − t ,pj + t ]

M if pi < pj − t
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Price Competition, Product differentiation: Bertrand model

Example (The linear city)

Where, M is number of consumers in the linear city
Two extreme cases, xi = 0, ẑ = 0 and xi = M , ẑ = 1
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Price Competition, Product differentiation: Bertrand model

Example (The linear city)

Assuming a symmetric market structure for the firms,
demand for firm j is:

xj (pi ,pj ) =


0 if pj > pi + t
t+pi−pj
2t M if pj ∈ [pi − t ,pi + t ]

M if pj < pi − t

Payoffs:

1 if pi − pj > t , then πi = 0 (because ẑ = 0)
2 if pj − pi < t , then πi = (pi − c )M (because ẑ = 1)
3 Otherwise (pi ∈ [pj − t ,pj + t ]), and
πi = (pi − c )

t+pj−pj
2t M , (because ẑ ∈ [0,1])
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Price Competition, Product differentiation: Bertrand model

Example (The linear city)

Profit maximization is meaningful only for the case 3:

L = (pi −c )(t +pj −pi )
M
2t

+λ1(pj −pi +t )+λ2(pi −pj +t )

Then, the well-known Kuhn-Tucker conditions is given as:

1 ∂L
∂pi = (t + pj − 2pi + c )(M /2t ) − λ1 + λ2 6 0 and
pi .[(t + pj − 2pi + c )(M /2t ) − λ1 + λ2] = 0

2 ∂L
∂λ1

= pj − pi + t > 0 and λ1[pj − pi + t ] = 0
3 ∂L

∂λ2
= pi − pj + t > 0 and λ2[pi − pj + t ] = 0

The following three conditions are reasonably conceivable:

1 pi > 0, λ1 = 0, λ2 > 0
2 pi > 0, λ1 = 0, λ2 = 0
3 pi > 0, λ1 > 0, λ2 = 0
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Then, the well-known Kuhn-Tucker conditions is given as:
1 ∂L

∂pi = (t + pj − 2pi + c )(M /2t ) − λ1 + λ2 6 0 and
pi .[(t + pj − 2pi + c )(M /2t ) − λ1 + λ2] = 0

2 ∂L
∂λ1

= pj − pi + t > 0 and λ1[pj − pi + t ] = 0
3 ∂L

∂λ2
= pi − pj + t > 0 and λ2[pi − pj + t ] = 0

The following three conditions are reasonably conceivable:

1 pi > 0, λ1 = 0, λ2 > 0
2 pi > 0, λ1 = 0, λ2 = 0

3 pi > 0, λ1 > 0, λ2 = 0
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Price Competition, Product differentiation: Bertrand model

Example (The linear city)
Then, the three necessary and sufficient Kuhn-Tucker
conditions in terms of pi and pj are representable by:

t + pj + c − 2pi


6 0 if pi = pj − t
= 0 if pi ∈ (pj − t ,pj + t )

> 0 if pi = pj + t

The firm i ’s reaction function is derived as follows[keep in
your mind that t +pj + c −2(pj − t ) 6 0→ pj > c +3t ]:

pi =


pj − t if pj > c + 3t
(t+pj+c )
2 if pj ∈ (c − t , c + 3t )

pj + t if pj 6 c − t

Finally, for the interior equilibrium price are
p ∗i = p ∗j = c + t , why? verify it!
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Repeated interactions and price competition in heterogeneous
product markets

So far, we discussed about the static interaction of firms
which is far from reality

In a Bertrand model with heterogeneous products, for
instance, a firm may undercut its rival’s price to steal all of
rival’s clients.

The rival will react by cutting its own price to retaliate the
policy.

In this section we turn to a kind of dynamic games in which
some firms may undercut its rival’s price.
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Repeated interactions: Formal setting and Assumptions

In each period t wo identical firms repeatedly compete for
sales.

They know the past history records about prices
Ht−1 = {p1τ,p2τ}t−1τ=1

In a given t the profit of firm j is πjt

There is a discount factor δ < 1

Each firm attempt to maximize the discount value of
profits Σ∞t=1δ

t−1πjt
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Repeated interactions: Formal setting and Assumptions

These are special kind of Dynamic Games in which the
players play same static simultaneous-move games
repeatedly.

The unique subgame perfect Nash equilibrium of the
finitely repeated Bertrand game involves T repetition of
the static Bertrand equilibrium in which prices equal
marginal cost.

In the last period T we must be at the Bertrand solution
with zero profit, and for all penultimate periods (T − 1).

Now we extend the horizon to infinite number of periods.

pjt (Ht−1) =

{
pm if all elements ofHt−1equal(pm ,pm ) or t = 1
c otherwise (1)
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Repeated interactions: Formal setting and Assumptions

In words, firm j initially plays the monopoly price pm in
t = 1.

In each period t > 1, firm j plays pm if in every previous
period both firms have charged price pm , and otherwise
charges price equal to marginal cost c .
This type of strategy is called a Nash reversion

strategy

Firms cooperate until someone deviates, and any deviation
triggers a permanent retaliation in which c ′(q ) = p .

However, if both firms follow the strategy defined in (1),
then, they will end up with monopoly price in every period.
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Repeated interactions: Proposition

Theorem
The strategies described in (1) constitute a subgame perfect
Nash equilibrium (SPNE) of the infinitely repeated Bertrand
duopoly game if and only if δ > 1

2 .

Proof.
the theorem implies that, the firms never deviate the
cooperation as long as δ > 1

2 .
We have already proved it chapter 9
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Entry to the market as a two step process

So far, we have assumed that the active number of firms in
a duopoly is exogenously fixed

This part is going to view that the number of operating
firms in an industry is an endogenous variable and depends
on the profit level of active firms in the industry.

We assume that the potential firms that are considering
the entry are identical.
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Entry to the market as a two step process(game)

Firm first incurs some sunk setup cost K > 0, then
competes for business

Stages:

1 All potential firms simultaneously decide ”in” or ”out”. If a
firm decides ”in” it pays a setup cost K > 0

2 All firms that have entry play some oligopolistic game,
Bertrand or Cournot and so on.
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Entry to the market as a two step process(game)

The pure strategy subgame perfect Nash equilibria
(SPNEs) of the model.

1 No firm must want to change its entry decision given the
entry decisions of the other firms.

2 With this assumption, there is an equilibrium with J ∗ firms
choosing to enter the market if and only if

πJ ∗ > K (3)

and
πJ ∗+1 < K (4)

Condition 3 says that a firm that has chosen to enter does
at least as well by doing so as it would do if it were to
change its decision to ”out”, given the J ∗
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Entry to the market as a two step process(game): Optimal J

Condition 4 says that a firm that has decided to stay ”out”
of the market does strictly worse by Changing its decision
to ”in”.

It is reasonable to expect that πJ is decreasing in J and
that πJ → 0 and J → ∞.

One can assume a unique integer Ĵ such that πJ > K for
all J 6 Ĵ and πJ < K for all J > Ĵ , and so J ∗ = Ĵ .
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Entry to the market as a two step process(game)

Example (Optimal J with Cournot Competition)

Consider an industry with the aggregate demand
p (q ) = a − bq , the firms cost function c (q ) = cq with
a > c > 0 and b > 0.

The stage 2 output per firm, qJ , and profit per firm, πJ ,
are given by:

πj (q ) = [a − b (q1 + q2 + ...+ qj + ...+ qJ )]qj − cqj

∂πj

∂qj
= [a − b (q1 + q2 + ...+ 2qj + ...+ qJ )] − c = 0

We have J symmetric linear equation with the following
solution for firm J

qJ =

(
a − c
b

)(
1
J + 1

)
(5)
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Entry to the market as a two step process(game)

Example (Optimal J with Cournot Competition)

The profit per firm

πJ =

(
a − c
J + 1

)2(1
b

)
(6)

1 lim→∞ JqJ → (a − c )/b
2 So, the aggregate q = q 0 approaches the competitive level.
What determines the optimal level of J ∗?
the minimum profit level for entering to the market is
πJ = K , then:

(J̃ + 1)2 =
(a − c )2

bK

or J̃ = (a−c )√
bK

− 1
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Entry to the market as a two step process(game)

Theorem (Excess entery in the presence of market power)

Assumptions:
1 (A1) JqJ > J ′qJ , whenever J > J ′;
2 (A2) qJ 6 qJ ′ , whenever J > J ′;
3 (A3) p (JqJ ) − c ′(qJ ) > 0 for all J .

Suppose that conditions (A1) to (A3) are satisfied by the
post-entry oligapoly game, that p ′(.) < 0, and that
c”(.) > 0. Then, the equilibrium number of entrants, J ∗, is
at least J 0 − 1, where J 0 is the socially optimal number of
entrants.
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