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Abstract

 This paper describes a method for estimating and 
testing n o n l i n e a r  r a t i o n a l  e x p e c t a t i o n s  
models directly from stochastic Euler equations. The 
estimation procedure makes sample counterparts to 
the population orthogonality conditions implied by the 
economic model close to zero. An attractive feature of 
this method is that the parameters of the dynamic 
objective functions of economic agents can be 
estimated without explicitly solving for the stochastic 
equilibrium. 
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Rational 
Expectations 
Models
(General framework)

Dividing model variables into state variables(an 
explicit and known updating rule) and response 
variables(satisfy an equilibrium relationship).

The expectation being taken with respect to 
i.i.d shocks.
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Introduction

 Linear-quadratic models Complete characterizations of the 
equilibrium Time series econometric tools

 Alternative nonquadratic objective functions

 Closed-form solutions for the equilibrium time paths of the 
variables of interest have been obtained only after imposing 
strong assumptions on the stochastic properties of the "forcing 
variables," the nature of preferences, or the production 
technology.
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The 
purpose of 
this 
paper…

 An econometric estimation strategy

 Without the theoretical requirement of an explicit representation 
of the stochastic equilibrium

 Identification and estimation of parameters of economic agents' 
dynamic (nonquadratic) objective functions

 Only a subset of the economic environment is specified
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Basic idea

 The dynamic optimization problems of economic agents

 A set of stochastic Euler equations that must be satisfied in 
equilibrium

 A set of population orthogonality conditions that depend in a 
nonlinear way on variables observed

 We construct nonlinear instrumental variables estimators for 
these parameters by making sample versions of the orthogonality 
conditions close to zero according to a certain metric.

 Consistent and have a limiting normal distribution under fairly 
weak assumptions

 An alternative, approximate maximum likelihood procedure, Fair 
& Taylor

3/3/2018 Sharif university 6



The 
implications 
of rational 
expectations 
models used 
in 
constructing 
estimators

 𝐸𝐸𝑡𝑡ℎ(𝑥𝑥𝑡𝑡+𝑛𝑛, 𝑏𝑏0) = 0

 𝐸𝐸𝑡𝑡 denotes both the mathematical conditional expectation and 
agents' subjective expectations as of date t.
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𝑠𝑠. 𝑡𝑡 𝐶𝐶𝑡𝑡 + �
𝑗𝑗=0

𝑁𝑁

𝑃𝑃𝑗𝑗𝑗𝑗𝑄𝑄𝑗𝑗𝑗𝑗 ≤�
𝑗𝑗=0

𝑁𝑁

𝑅𝑅𝑗𝑗𝑗𝑗𝑄𝑄𝑗𝑗𝑗𝑗−𝑀𝑀𝑗𝑗 + 𝑊𝑊𝑡𝑡
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𝑀𝑀𝑀𝑀𝑀𝑀 𝐸𝐸𝑡𝑡�
𝑡𝑡=0

∞

β𝑡𝑡𝑈𝑈(𝐶𝐶𝑡𝑡)

𝑄𝑄𝑗𝑗𝑗𝑗 : The quantity of asset j held at the end of date t
𝑀𝑀𝑗𝑗 : The maturity of asset j 
𝑃𝑃𝑗𝑗𝑗𝑗 : The price of asset j at date t
𝑅𝑅𝑗𝑗𝑗𝑗 : The date t payoff from asset purchased at date t-𝑀𝑀𝑗𝑗
𝑊𝑊𝑡𝑡 : Real labor income at date t



F.O.C
Euler’s equation:
𝐶𝐶𝑡𝑡 + ∑𝑗𝑗=0𝑁𝑁 𝑃𝑃𝑗𝑗𝑗𝑗𝑄𝑄𝑗𝑗𝑗𝑗 ≤ ∑𝑗𝑗=0𝑁𝑁 𝑅𝑅𝑗𝑗𝑗𝑗𝑄𝑄𝑗𝑗𝑗𝑗−𝑀𝑀𝑗𝑗 + 𝑊𝑊𝑡𝑡

𝑃𝑃𝑗𝑗𝑗𝑗 𝑈𝑈′ 𝐶𝐶𝑡𝑡 = β𝑀𝑀𝑗𝑗 𝐸𝐸𝑡𝑡[𝑅𝑅𝑗𝑗𝑗𝑗+𝑀𝑀𝑗𝑗𝑈𝑈
′ 𝐶𝐶𝑡𝑡+𝑀𝑀𝑗𝑗 ]

𝑅𝑅𝑗𝑗𝑗𝑗+𝑀𝑀𝑗𝑗=𝑃𝑃𝑗𝑗𝑗𝑗+𝑀𝑀𝑗𝑗+𝐷𝐷𝑗𝑗𝑗𝑗+𝑀𝑀𝑗𝑗
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Constructing 
h function

𝐸𝐸𝑡𝑡 β𝑀𝑀𝑗𝑗
𝑈𝑈′ 𝐶𝐶𝑡𝑡+𝑀𝑀𝑗𝑗 ,𝛾𝛾

𝑈𝑈′ 𝐶𝐶𝑡𝑡,𝛾𝛾
𝑥𝑥𝑗𝑗𝑗𝑗+𝑀𝑀𝑗𝑗 − 1 = 0

𝑥𝑥𝑗𝑗𝑗𝑗+𝑀𝑀𝑗𝑗= �
𝑅𝑅𝑗𝑗𝑗𝑗+𝑀𝑀𝑗𝑗

𝑃𝑃𝑗𝑗𝑗𝑗
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Constructing 
h function

h 𝑥𝑥 𝑡𝑡+𝑛𝑛, 𝑏𝑏0 =
β𝑛𝑛1

𝑈𝑈′(𝐶𝐶𝑡𝑡+𝑛𝑛1 ,γ)
𝑈𝑈′(𝐶𝐶𝑡𝑡,γ)

𝑥𝑥 1𝑡𝑡+𝑛𝑛1 − 1
⋮

β 𝑛𝑛 𝑈𝑈′(𝐶𝐶𝑡𝑡+𝑛𝑛,γ)
𝑈𝑈′(𝐶𝐶𝑡𝑡,γ)

𝑥𝑥𝑚𝑚𝑡𝑡+𝑛𝑛 − 1

𝑢𝑢𝑡𝑡+𝑛𝑛 = ℎ(𝑥𝑥𝑡𝑡+𝑛𝑛, 𝑏𝑏0)
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Covariance 
matrix of 𝒖𝒖𝒕𝒕

 The matrix E𝑢𝑢𝑡𝑡𝑢𝑢𝑡𝑡' is assumed to have full rank.

 If the m assets are stocks and n1 through n equal unity, then 𝑢𝑢𝑡𝑡 is 
serially uncorrelated.
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Estimation

 We want to estimate the vector 𝑏𝑏0 using a generalized 
instrumental variables procedure. 

 Our estimation strategy is to use the theoretical economic model 
to generate a family of orthogonality conditions.

 Construct a criterion function whose minimizer is our estimate of 
𝑏𝑏0.

 Our parameter estimator is consistent , asymptotically normal and 
has an asymptotic covariance matrix that can be estimated 
consistently.
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Equation

 𝐸𝐸𝑡𝑡[𝑢𝑢𝑡𝑡+𝑛𝑛] = 0

 𝐸𝐸𝑡𝑡[𝑓𝑓(𝑥𝑥𝑡𝑡+𝑛𝑛, 𝑧𝑧𝑡𝑡 ,𝑏𝑏0)] = 0

 𝑓𝑓(𝑥𝑥𝑡𝑡+𝑛𝑛, 𝑧𝑧𝑡𝑡 ,𝑏𝑏0) = ℎ(𝑥𝑥𝑡𝑡+𝑛𝑛, 𝑏𝑏0)⊗𝑧𝑧𝑡𝑡
 𝑅𝑅𝑘𝑘 × 𝑅𝑅𝑞𝑞 × 𝑅𝑅𝑙𝑙 𝑅𝑅𝑚𝑚𝑚𝑚

 𝑔𝑔0(𝑏𝑏) = 𝐸𝐸𝑡𝑡[𝑓𝑓(𝑥𝑥𝑡𝑡+𝑛𝑛, 𝑧𝑧𝑡𝑡,𝑏𝑏0)]

 𝑔𝑔𝑇𝑇 𝑏𝑏 = 1
𝑇𝑇
∑𝑡𝑡=1𝑇𝑇 𝑓𝑓(𝑥𝑥𝑡𝑡+𝑛𝑛, 𝑧𝑧𝑡𝑡,𝑏𝑏0)

 𝐽𝐽𝑇𝑇 𝑏𝑏 = 𝑔𝑔𝑇𝑇 𝑏𝑏 ′ 𝑊𝑊𝑇𝑇𝑔𝑔𝑇𝑇 𝑏𝑏
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Most Efficient 
Estimator

 𝐷𝐷0 = 𝐸𝐸[𝜕𝜕ℎ
𝜕𝜕𝜕𝜕

(𝑥𝑥𝑡𝑡+𝑛𝑛, 𝑏𝑏0) ⊗𝑧𝑧𝑡𝑡]

 𝑆𝑆0 = ∑𝑗𝑗=−𝑛𝑛+1𝑛𝑛−1 𝐸𝐸[𝑓𝑓 𝑥𝑥𝑡𝑡+𝑛𝑛, 𝑧𝑧𝑡𝑡 ,𝑏𝑏0 𝑓𝑓(𝑥𝑥𝑡𝑡+𝑛𝑛−𝑗𝑗 , 𝑧𝑧𝑡𝑡−𝑗𝑗 , 𝑏𝑏0)′]
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Most Efficient 
Estimator

 𝐷𝐷𝑇𝑇 = 1
𝑇𝑇
∑𝑡𝑡=1𝑇𝑇 𝜕𝜕ℎ

𝜕𝜕𝜕𝜕
(𝑥𝑥𝑡𝑡+𝑛𝑛, 𝑏𝑏𝑇𝑇) ⊗ 𝑧𝑧𝑡𝑡

 𝑅𝑅𝑇𝑇 𝑗𝑗 = 1
𝑇𝑇
∑𝑡𝑡=1+𝑗𝑗𝑇𝑇 𝑓𝑓 𝑥𝑥𝑡𝑡+𝑛𝑛, 𝑧𝑧𝑡𝑡 , 𝑏𝑏𝑇𝑇 𝑓𝑓(𝑥𝑥𝑡𝑡+𝑛𝑛−𝑗𝑗 , 𝑧𝑧𝑡𝑡−𝑗𝑗 , 𝑏𝑏𝑇𝑇)′

𝑊𝑊𝑇𝑇
∗ = {𝑅𝑅𝑇𝑇 0 + ∑𝑗𝑗=1𝑛𝑛−1[𝑅𝑅𝑇𝑇 𝑗𝑗 + 𝑅𝑅𝑇𝑇 𝑗𝑗 ′]}−1
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Comparison 
to maximum 
likelihood

 Amemiya : Maximum likelihood estimators will, in general, be 
asymptotically more efficient than nonlinear instrumental 
variables procedures if the distributional assumptions are 
specified correctly.

 MLE may fail to be consistent if the distribution of the observable 
variables is misspecified.

 From the first-order conditions of the likelihood function, it can be 
seen that the method of maximum likelihood implicitly uses the 
logarithmic orthogonality conditions. The validity of these 
orthogonality conditions is crucially dependent on distribution of 
x.
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Comparison 
to maximum 
likelihood

 𝑈𝑈 𝐶𝐶𝑡𝑡 = (𝐶𝐶𝑡𝑡)𝛾𝛾

𝛾𝛾
, γ < 1

 𝑈𝑈′ 𝐶𝐶𝑡𝑡 = (𝐶𝐶𝑡𝑡)𝛼𝛼,α ≡ 𝛾𝛾 − 1

 𝐸𝐸𝑡𝑡 𝛽𝛽(𝑥𝑥𝑘𝑘𝑘𝑘+1)𝛼𝛼𝑥𝑥𝑗𝑗𝑗𝑗+1 = 1
 Stochastic process x is lognormality distributed:

 𝑈𝑈𝑗𝑗𝑗𝑗+1 = log𝛽𝛽 + 𝛼𝛼𝑋𝑋𝑘𝑘𝑘𝑘+1 + 𝑋𝑋𝑗𝑗𝑗𝑗+1 + (𝛼𝛼2𝜎𝜎𝑘𝑘𝑘𝑘+𝜎𝜎𝑗𝑗𝑗𝑗+2𝛼𝛼𝜎𝜎𝑘𝑘𝑘𝑘)
2

 𝐸𝐸 𝑈𝑈𝑗𝑗𝑗𝑗+1 = 0;𝐸𝐸 𝑈𝑈𝑗𝑗𝑗𝑗+1𝑋𝑋𝑡𝑡−𝑠𝑠 = 0
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Empirical 
Results

 NDS (Nondurables plus Services) & ND(Nondurables)

 𝑥𝑥𝑡𝑡+1′ = 𝑃𝑃1𝑡𝑡+1+𝐷𝐷1𝑡𝑡+1
𝑃𝑃1𝑡𝑡

𝐶𝐶𝑡𝑡+1
𝐶𝐶𝑡𝑡

 ℎ 𝑥𝑥𝑡𝑡+1,𝑏𝑏0 = 𝛽𝛽(𝑥𝑥2𝑡𝑡+1)𝛼𝛼𝑥𝑥1𝑡𝑡+1 − 1
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Empirical 
Results
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Empirical 
Results
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Empirical 
Results
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Conclusions

 In this paper we have discussed a procedure for estimating the 
parameters of nonlinear rational expectations models when only a 
subset of the economic environment is explicitly specified a priori. 
We also described how to test the over-identifying restrictions 
implied by the particular economic model being estimated. The 
advantages of these procedures are that they circumvent the need 
for explicitly deriving decision rules, and they do not require the 
specification of the joint distribution function of the observable 
variables. The techniques are appropriate for any dynamic model 
whose econometric implications can be cast in terms of a set of 
orthogonality conditions. As an application of these procedures, 
we estimated the parameters characterizing preferences in a 
model relating the stochastic properties of aggregate 
consumption and stock market returns. 
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